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Abstract
Let K be a field of characteristic 0. We produce families of polynomials f (x, y), irreducible
over K , of positive degree in each variable such that f (u(x), v(y)) remains irreducible over K for
every pair (u(x), v(y)) of nonconstant polynomials over K .
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Let K be a field of characteristic 0, then the irreducible polynomials f (x, y) ∈ K[x, y]
which remain irreducible over K for every substitution of u(x) for x and v(y) for y
are called in [1] hereditarily irreducible polynomials. At my best knowledge, the only
known examples of such polynomials are given in [5], namely the polynomials f (x, y) =
a(x)y + 1 are hereditarily irreducible over C when a(x) is a square free polynomial
of degree at least two. Notice that if f (x, y) is hereditarily irreducible over K , then
f (A(x),B(y)) has the same property where A(x) and B(x) are nonconstant polynomials
over K . This shows that for any positive integer n there are infinitely many hereditarily
irreducible polynomials of degree n in y . In the sequel we will produce families of
hereditarily irreducible polynomials which are not deduced from the examples of Rubel–
Schinzel–Tverberg. In Section 3, we will prove the following results, the first one being a
generalization of the above example.
Theorem 1. Let a(x), b(x) be polynomials over K such that a(x) has at least two simple
roots, and (a(x), b(x)) = 1. Let f (x, y) = a(x)y + b(x), then for each pair (u(x), v(y))
of nonconstant polynomials over K , f (u(x), v(y)) is irreducible over K .
E-mail address: ayad@lmpa.univ-littoral.fr.0021-8693/$ – see front matter  2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2004.03.013
M. Ayad / Journal of Algebra 279 (2004) 302–307 303Theorem 2. Let K be a field of characteristic 0, p1, . . . , pr be distinct primes, and
e1, . . . , er be positive integers. Let a(x), bi(x), . . . , br (x) be polynomials over K such that
a(x) has at least two simple roots and bi(x) has at least two roots with multiplicity not
congruent to zero modulo pi . Suppose that (a(x), bi(x)) = 1 for i = 1, . . . , r . Consider the
algebraic function
γ =
(
r∑
i=1
bi(x)
1/peii
)/
a(x)
and let f (x, y) be an irreducible polynomial over K such that f (x, γ ) = 0. Then degy f =∏r
i=1 p
ei
i and f is hereditarily irreducible.
The proof of the next result is similar (and simpler) to the one which will be given for
Theorem 2, so it will be omitted.
Theorem 3. Let K be a field of characteristic 0, n be a positive integer, a(x) be a
polynomial over K having at least two simple roots in K . Let b(x) be a polynomial
over K such that for each prime divisor p of n, b(x) has at least two distinct roots with
multiplicities not congruent to zero modulo p. Suppose that (a(x), b(x)) = 1, then the
polynomial f (x, y) = an(x)yn − b(x) is hereditarily irreducible.
We end this section with two remarks:
(a) Let f (x, y) be hereditarily irreducible over K and let {x1, . . . , xn} and {y1, . . . , ym}
be two disjoint sets of variables, then [6, Chapter 17.7, Theorem 13], for each
pair (u(x1, . . . , xn), v(y1, . . . , ym)) of nonconstant polynomials over the field K ,
f (u(x1, . . . , xn), v(y1, . . . , ym)) is irreducible over K . This statement is not true if
we omit the condition of disjointness. Consider for instance K = C, f (x, y) =
(x2 + 1)y + 1 then f (x, y) is hereditarily irreducible but we have
f
(
x,
(
x2 + 1)y2)= (x2 + 1)2y2 + 1 = ((x2 + 1)y + i)((x2 + 1)y − i).
(b) Let f (x, y) be an irreducible polynomial over K and let γ and δ be elements such
that f (x, γ ) = 0 and f (δ, y) = 0. In all our examples of hereditarily irreducible
polynomials, γ is not integral over K[x]. It would be interesting to see hereditarily
irreducible polynomials where γ and δ are integral.
2. Auxiliary results
For the proof of Theorems 1 and 2 we will use some results, two of them are classical
(Lemmas 1 and 2).
304 M. Ayad / Journal of Algebra 279 (2004) 302–307Lemma 1 (Isaacs). Let F be a field of characteristic 0, and let F(γ ) and F(β) be algebraic
extensions of F of respective degrees n and m, such that [F(γ,β) : F ] = mn. Then γ + β
is a primitive element of F(γ,β).
Proof. See [3]. 
Lemma 2. Let f (x, y) be an irreducible polynomial over K of positive degree in each
variable and let u(x), v(y) be nonconstant polynomials over K. Let α be an element of
K(x) such that f (u(x),α) = 0. Then f (u(x), v(y)) is irreducible over K(x) if and only if
f (u(x), y) is irreducible over K(x) and v(y) − α is irreducible over K(x,α).
Proof. It is an immediate application of Capelli’s lemma, see [2, enonce 2–9] or [7] for
two different proofs. The next lemma is a generalization of a claim used in [5].
Lemma 3. Let a(x) be a polynomial over K having at least two simple roots in K . Then
for each nonconstant polynomial u(x) ∈ K[x], a(u(x)) has at least one simple root in K .
Proof. Let u(x) be a nonconstant polynomial over K and suppose by contradiction that
all the roots of a(u(x)) are multiple. Set
a(x) = a0(x − α1)(x − α2)(x − α3)e3 · · · (x − αr)er ,
where a0 ∈ K and the exponents e3, . . . , er are nonnegative integers. Then
a
(
u(x)
)= a0(u(x)− α1)(u(x) − α2)(u(x)− α3)e3 · · · (u(x)− αr)er .
According to our hypothesis we can write u(x) − α1 and u(x) − α2 in the following
form:
u(x) − α1 = a1(x − β1)h1 · · · (x − βs)hs , u(x) − α2 = a2(x − γ1)l1 · · · (x − γt )lt ,
where a1, a2 ∈ K and the exponents hi, lj are greater than or equal to two. We deduce
that
u′(x) = a3(x − β1)h1−1 · · · (x − βs)hs−1(x − γ1)l1−1 · · · (x − γt )lt−1 .p(x),
where a3 ∈ K and p(x) ∈ K[x]\{0}, hence
degu′ = h1 + · · · + hs − s + l1 + · · · + lt − t + degp = 2 degu − (s + t) + degp.
It follows that s + t = degu′ + 2 + degp > degu′ and this contradicts the fact that
β1, . . . , βs, γ1, . . . , γt are distinct roots of u′(x). 
The next lemma will be need in the proof of Theorem 2 but not in that of Theorem 1.
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roots in K with multiplicities not congruent to zero modulo p. Then for each polynomial
u(x) ∈ K[x]\K , b(u(x)) /∈ K[x]p.
Proof. Let α1, α2 be two roots of b(x) having multiplicities not congruent to zero modulo
p and set
b(x) = b0(x − α1)e1(x − α2)e2 · · · (x − αr)er .
Suppose that b(u(x)) ∈ K[x]p for some nonconstant polynomial u(x), then u(x) − α1 ∈
K[x]p and u(x) − α2 ∈ K[x]p, hence there exist B1(x) and B2(x) in K[x] such that
u(x)− α1 = B1(x)p, u(x) − α2 = B2(x)p . We deduce that
α2 − α1 =
(
B1(x) − B2(x)
)(
B
p−1
1 (x) + Bp−21 (x)B2(x) + · · · + Bp−12 (x)
)
.
It follows that there exist c1, c2 ∈ K such that
B1(x) − B2(x) = c1, Bp−11 (x)+ Bp−21 (x)B2(x)+ · · · + Bp−12 (x) = c2.
The first equation implies that B1(x) and B2(x) have the same leading coefficient, say d .
The second one shows that pdp = 0 and this is clearly impossible since the characteristic
of K is zero. 
Using Lemma 2, we will prove the following result which is the main tool for proving
our theorems.
Proposition 1. Let f (x, y) be an irreducible polynomial over K of positive degree in
each variable and let u(x), v(y) be nonconstant polynomials over K . Let α be a root of
f (u(x), y) in K(x). Suppose that f (u(x), y) is irreducible over K . Suppose also that there
exists x0 ∈ K ∪ {∞} and a positive integer l prime to degv such that one of the Puiseux
expansions of α around x0 has the shape
α = a−l(x − x0)−l + a−l+1x−l+1 + · · · + a0 + a1(x − x0) + · · ·
if x0 = ∞ or
α = a−l xl + a−l+1xl−1 + · · · + a0 + a1x−1 + · · ·
if x0 = ∞ with ai ∈ K for each i and a−l = 0. Then f (u(x), v(y)) is irreducible over K .
Proof. By Lemma 2 it is sufficient to prove that the polynomial v(y)−α is irreducible over
K(x,α). If it was shown that this polynomial is irreducible over K((x − x0)) (respectively
K((1/x))), then since
K(x,α) ⊂ K(x,α) ⊂ K((x − x0))
(
respectively K(x,α) ⊂ K(x,α) ⊂ K((1/x))),
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is irreducible over K((x − x0)) (respectively K((1/x))). Set x − x0 = X if x0 = ∞
(respectively 1/x = X if x0 = ∞) and set v(y) = bqyq + · · · + b0 with bi ∈ K , q = degv,
bq = 0. Then
v(y) − α = bqyq + · · · + b1y − a−lX−l + · · · − a−1X−1 + (b0 − a0) − a1X + · · · .
The Newton polygon of this polynomial is the segment with vertices (q,0), (0,−l). So the
Puiseux expansion around X = 0 of any root µ(X) of this polynomial has the form
µ(X) = c1Xγ1 + c2Xγ1+γ2 + · · ·
with ci ∈ K\{0} and γ1 = −l/q . Since (l, q) = 1, it follows that µ(X) ∈ K((X1/q)) and
µ(X) /∈ K((X1/q ′)) for any divisor q ′ of q , q ′ < q , hence v(y) − α is irreducible over
K((x − x0)) (respectively K((1/x))).
The reader is referred to [8, Chapter 4] for the theory of Puiseux expansions. 
3. Proofs of the theorems
Proof of Theorem 1. It is evident that for each u(x) ∈ K[x]\K , f (u(x), y) is irreducible
over K(x). Let (u(x), v(y)) be a pair of nonconstant polynomials over K and let α be
an element of K(x) such that f (u(x),α) = 0, then α = −b(u(x))/a(u(x)). According to
Lemma 3 take any simple root x0 in K of the polynomial a(u(x)) and apply Proposition 1.
We have
α = −b(u(x))/a(u(x))= a−1(x − x0)−1 + a0 + a1(x − x0) + · · · ,
where the coefficients ai belong to K and a−1 = 0, so the assumptions of Proposition 1 are
satisfied for l = 1 which is prime to degv, hence f (u(x), v(y)) is irreducible over K . 
Proof of Theorem 2. For each i = 1, . . . , r let γi = bi(x)1/p
ei
i , then γi is a root
of fi(x, y) = yp
ei
i − bi(x). Application of Capelli’s theorem [4, Chapter VIII, §9,
Theorem 16], yields the irreducibility of fi(x, y) over K(x). It is clear that K(x,γi) is
a cyclic extension of K(x) of degree peii . We deduce that K(x,γ1, . . . , γr) is a cyclic
extension of K(x) of degree
∏r
i=1 p
ei
i . Lemma 1 shows that γ =
∑r
i=1 γi/a(x) is a
primitive element over K(x). Let f (x, y) be an irreducible polynomial over K such that
f (x, γ ) = 0, then clearly degy f 
∏r
i=1 p
ei
i and by the above discussion we conclude
that degy f =
∏r
i=1 p
ei
i and f is absolutely irreducible. Let now u(x) be a nonconstant
polynomial over K , and consider the elements
αu =
(
r∑
bi
(
u(x)
)1/peii )/a(u(x)) and αu,i = bi(u(x))1/peii
i=1
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K(x,αu,i) is a cyclic extension of K(x) of degree peii . Similarly, as above we deduce that
K(x,αu,1, . . . , αu,r ) is a cyclic extension of K(x) of degree
∏r
i=1 p
ei
i and that αu is a
primitive element of this extension. Since f (u(x),αu) = 0, then f (u(x), y) is irreducible
over K . To end the proof we use Proposition 1. Let x0 ∈ K be a simple root of a(u(x))
which exists by Lemma 3. We will show that x0 is a simple pole of some conjugate
of αu over K(x). Let ξ1, . . . , ξr be primitive roots of unity in K of order pe11 , . . . , p
er
r ,
respectively and suppose that for each
(i1, . . . , ir ) ∈
{
0,1, . . . , pe11 − 1
}× · · · × {0,1, . . . , perr − 1},
the following equation holds:
ξ
i1
1 b1
(
u(x0)
)1/pe11 + · · · + ξ irr br(u(x0))1/perr = 0.
We consider these equations as a linear system of equations and we extract from its matrix
the determinant D = |ξji |1ir,0jr−1 which is nonzero, and conclude that its rank
is equal to r , hence bi(u(x0)) = 0, for i = 1, . . . , r . But this contradicts our hypothesis
(a(x), bi(x)) = 1 for i = 1, . . . , r , hence there exists (i1, . . . , ir ) such that
ξ
i1
1 b1
(
u(x0)
)1/pe11 + · · · + ξ irr br(u(x0))1/perr = 0.
The element
αu =
(
r∑
j=1
ξ
ij
j bj
(
u(x)
)1/pejj )/a(u(x)),
which is conjugate to αu over K(x) satisfies the required property of being a root of
f (u(x), y) in K(x) having x0 as a simple pole, hence by Proposition 1, f (x, y) is
hereditarily irreducible. 
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